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o 

Let S p (1 < p < 00) be the class of all almost periodic functions in the sense of 
CNJ . Stepanov with the norm 



1 Introduction 



k> 1 1 j 1 1 S" 33 - -v - 

1 1 sup I j(u) I when p = oo. 

a; 

Suppose that the Fourier series of / € S p has the form 

Sf(x)= T A Af)e lKx , where A v (/) = lim - / f(t) 
with the partial sums 

S~,J{x)= A Af)e iKx 

\\»\<1k 

and that = Ao < A„ < A„ + i if v G N = {1, 2, 3...} , lim \ v — 00, A_„ = —\ u 
\A„\ + |^4-„| > 0. Let ri a ,p ! with some fixed positive a , be the set of functions 



sup f I £ +V I /(*) \ P dt) " when 1 < p < 00 

11. v J 



1 



of class S p bounded on U = (—00, 00) whose Fourier exponents satisfy the 
condition 

K+i - K > a (v G N) . 

In case / G fl a , P 

/>oo 

SxJ (x) = / {f(x + t) + f(x-t)} *X k ,X h +a (t) dt, 
Jo 

where 

2 sin (t? ~ A)t cin {ri+X)t 
* A '" W = ir(r,-\)t* 2 (°< A <^ 1*1 >«)• 

Let A := (a n ,fc) be an infinite matrix of real nonnegative numbers such that 
a n>k = 1, where n = 0, 1, 2, ... . (1) 
Let us consider the strong mean 

K, A J^)= \ Y, a ^\S 1 J{x)-f{x)\' l \ (q>0). (2) 

U=o J 

As measures of approximation by the quantity @, we use the best approxima- 
tion of / by entire functions g a of exponential type a bounded on the real axis, 
shortly g a G B a and the moduli of continuity of / defined by the formulas 

EaU)s? =inf ||/ -flails* , 

9a 

u>f{6) SP = sup ||/ (•+*)-/ (Oils* » 

|t|<<5 



and 



s 



1/P 



[fr/(aS)\ / r (k+l)S 



fe=0 



where <p x (t) ;= f (x + 1) + f (x — t) — 2/ (a;) , respectively. 

Recently, L. Leindler [4] defined a new class of sequences named as sequences 
of rest bounded variation, briefly denoted by RBVS, i.e. 

RBVS = I a := (a n ) E C : jr \a k - a k+1 \ < K (a) \a m \ for all m G N I , (3) 

I. k—m ) 

where here and throughout the paper K (a) always indicates a constant depend- 
ing only on a. 
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Denote by MS the class of nonnegative and nonincreasing sequences. The 
class of general monotone coefficients, GM, will be defined as follows ( see [11): 

{2m-l ~> 
a := (a n ) £ C : \a k - a k+1 \ < K (a) \a m \ for all m £ N I . (4) 
k—m ) 

It is obvious that 

MS C RBVS C GM. 

In [SJ [TTJ H3] was defined the class of (3— general monotone sequences as 
follows: 

Definition 1 Let /3 := (/3„) be a nonnegative sequence. The sequence of com- 
plex numbers a := (a n ) is said to be fi— general monotone, or a £ GM{f3), if 
the relation 



^ \a k - a k+1 \ < K (a) f3 m (5) 



holds for all m. 



In the paper [13] Tikhonov considered, among others, the following examples 
of the sequences f} n : 

(1) lPn = K\, 

[ cn \ | 

(2) 2 [3 n = £ M for some c > 1. 

fc=[n/c] 

It is clear that GM (i/3) = GM and (see |13j Remark 2.1]) 

GM d/3 + 2 0) ee GM ( 2 /3) . 

Moreover, we assume that the sequence (K (a n ))^L * s bounded, that is, 
that there exists a constant K such that 

< K (a n ) < K 

holds for all n, where K (a n ) denote the sequence of constants appearing in the 
inequalities (JSJ)-© for the sequences a n :— (a n ,k) k x L - 

Now we can give the conditions to be used later on. We assume that for all 

n 

2m- 1 [cm] 

^ \a n ,k - a n ,k+i\ < K ^ -TT ( 6 ) 

k=m k=[m/c] 

holds if a n = (an,fc)^ belongs to GM (2/3), for n = 1, 2, ... 
Wc have shown in [7] the following theorem: 

Theorem 2 If f £ fi Q:P (p > 1) , p > q, a > 0, (a n , fe )~ „ £ GM ( 2 /3) /or aZ/ n, 
{I]/ and limn-^oo a n q = hold, then 

f. 



^W|| SP «{E^v(^ T 



/or n = 0, 1, 2, where 7 = (7^) is a sequence with j k = ^r- 
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In this paper we consider the class GM (2/3) in pointwise estimate of the 
quantity H^ A ^f for / 6 S 1 . Thus we present some analog of the following 
result of P. Pych-Taberska (see QUI Theorem 5]): 



Theorem 3 If f £ f2 Qi00 and q > 2, then 



H q 



1 ™ 

— y 
+ 1 ^ 

k=0 



1/9 



(n + 1) 



l/q- 



for n = 0, 1, 2, where 7 = (7^) is a sequence with jk 
k < n and a rit k — otherwise. 



ak 

2 ; ^n,k 



— \rr when 

n+l 



We shall write I\ -C I2 if there exists a positive constant K, sometimes 
depended on some parameters, such that I\ < KIi- 



2 Statement of the results 



Let us consider a function w x of modulus of continuity type on the interval 
[0, +00), i.e. a nondecreasing continuous function having the following proper- 
ties: w x (0) = 0, w x (Si + 62) < w x (Si) + w x (82) for any 81,82 > with x such 
that the set 



1/P 



< w x (7) 



and G x / (8) s p < ^ (5) , where 



is nonempty. 

We start with proposition 

Proposition 4 If f g f2 a ,i,2 (w x ), a > and < g < 2, i/ien 
r 2n 1 1/9 / \ 

^ E |%/ (*) - / « <«* ( ^fi) + (/) sl , 

L k—n ) 

for n = 0,1,2,... 

Our main results are following 

Theorem 5 // / e ft a ,i,2 K), a > 7 < 9 < 2, (a„, fe )£L € GM ( 2 /3) /or a/Z 
n, (OP and lim n ^oo a n ,o = hold, then 



vfe=0 



1/9 



/or some c > 1 and n — 0, 1, 2, where 7 = (7^) is a sequence with jk = 



4 



Theorem 6 If f € Q a ,i, 2 (w x ), a > 0, < q < 2, {a n ^ =0 e MS for all n, 
and linin-^oo a„,o = hold, then 



k,aJ (*) « \ E a «. fe 



, fe=0 



k + 1 



)+E^(f) sl 
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for n = 0, 1, 2, where 7 = (7^.) is a sequence with 7^ = 
Remark 1 Since, by the Jackson type theorem 



Sp 



and 



\<p. (t)-<p. (t±j)\dt 



< w/(7)sp » 



< Uf (6)g p , 



the analysis of the proof of Proposition 4 shows that, the estimate from Theorem 
5 implies the estimate from Theorem 2 with p > 2 and < q < 2. Thus, taking 
dn.k — ^xx when k < n and a n< k = otherwise, in the case p € [2, 00] we obtain 
the better estimate than this one from Theorem 3 with q = 2 \10jj . 



3 Proofs of the results 
3.1 Proof of Proposition 4 



1 rv+S 



In the proof we will use the following function $> x f (6,v) = i J 
with 5 = S n = and its estimate from (6] Lemma 1, p. 218] 



|**/(Ci,fc)| <w x (Ci)+w x (C2) 

for / e n«,i,2 K) and any Ci,Ca > 0. 

We can also note that by monotonicity in q G (0,2] 

{ 2n ~| V? (- 2n 2 ~> 



^ (u) du, 
(7) 



1/2 



Moreover, for n = our estimate is evident, therefore we give the estimate of 
the quantity A f (x) with q = 2 and n > 0, only. 
Denote by the sums of the form 



S^kf (x) 



E ^(/) e 

|A,|<^ 
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such that the interval 

1.10.2 of [5] we easily verify that 

S* k f(x)-f(x) 

where (t) — a(fc+1) (i) , i.e. 



does not contain any \ v . Applying Lemma 



(fx (t) (t) <ft, 



4 S infsin^ 
k [ ) ant 2 

(see also [2], p. 41). Evidently, if the interval a ( k + 1 ) ^j contains a Fourier 
exponent A„, then 

%/ (x) = (a:) - (A, (/) e iA "* + A_„ (/) e"^) . 

Analyzing the proof of Proposition 1.2.2 from [TJ p. 8] we can write 



\A± V (f)\ 



\A± V (/ - 9^/2) I 



lim - 

L— foo _L jq 



< 



< 



< 



(/(*)-^/2(<))e-* A " t dt 
lim sup - / I (/(*) - g aiM/2 (t)) e~* Kt \ dt 



lim sup - 



/(*) -9anMt)\dt 

U+T 



lim sup sup — 



\f(t) - g af i/2(t)\ dt 



for some g afl /2 £ -B a /V 2 ' with afc/2 < a///2 < A„, where is the Weyl norm 
Therefore, the deviation 

f 1 2n 1 

n + 1 I 2 



can be estimated from above by 

2n 



< 



— E 

k—n 
1 2n 

— E 

+ 1 ^ 



^ (t) v k+K (t) dt 



ip x (t) % k+K (t) dt 



1/2 



2n } 

— E(^/ 2 (/) s 2 

fc— n ) 



1/2 



1/2 



+ E an /2 (7)51 ) 



G 



where k equals or 1. Applying the Minkowski inequality we obtain 



n+ 1 



E 

k—n 



<p x (i) tf fc+(t (t) dt 



1/2 



< 



^ 2n / r.-K I a_ poo \ 

^£U + JLr (t) * t+ " <t)<K 



1/2 



1/2 



So, for the first term we have 

1/2 



n 



1/2 



1/2 



1/2 



2 K e 2 
n + 1 



1/2 



— — 7 (u) (fx (v) V I 1 — ) ffe+K (u) * fe+K (u) dudv } 

n+lJo Jo f^ \ n+lj J 



1/2 



(u) ^k+K (v) dudv 



2 K e 2 ( 4 



2 pre f a pu 



n + 1 \ o;7r 
f-! V n+ 1 



¥>z («) ¥>z («) Sm Sm 



k=0 



Jo 



. au(2(k + K) + l) . av(2(k + K) + 1) , , 
sm ■ sm ■ dudv 



1/2 



< 



2 K e 2 ( 4 V 



2 / i 7r/ a 



n + 1 \ cot / 7 



(u) {v) sin sin 



av 

4 " x " 4 



fe=0 



1 \ fc . cm(2fc+l) . cra(2fc + l) 



1/2 



sm ■ 



sm ■ 



dudv 
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Taking y — ^ , z — ^ an d r = 1 — in the relation (see [3J and [5]) 



E 

fc=0 



k . t/(2fc+l) . z(2fc + l) 



r sin 



sin ■ 



sin | sin ^ (1 — r) 




- r) 2 + 2r (cos y + cos z) 


(l-r) 2 + 4rsin 2 ^±£~ 




(1 - rf +4rsin 2 



and using the inequality sin i2±£l > 2£±£ ( y + z < 7r), we obtain 

fc 



/ , 1 Y . au(2k + l) . av(2k + l) 

> 1 sin sin 

^ \ n+1 

fc=0 v 

1 



4 



n+1 



(1 - rf + (u + v) 2 (1 - r) 2 + (u - vf 



Hence, taking u — v — t, by the Gabisoniya idea [3J 



1 2n 



< 



1 



7r/c 



|% ( w ) Px (v)\dudv 



(n + 1) Jo Jo 

7T /a /*u 



(n+1) 2 + (u + vf (n + 1) 2 + (?i-u) 2 
|<Ar (u) ^ (w)| dwrfw 



(n + 1) Jo Jo 



7T /a /-ti 



(n + 1) 2 + u 2 (n + 1) 2 + (u-v)' 
\<Px ( u ) (u - t)\dudt 



(n+1) 2 Jo Jo [(n + l)" 2 + M 2 ] [(n+l)" 2 + i 2 

\p x (u) ip x (u - t)\dudt 



^ [7r(n+l)/a] i m. i+L 
~ (n+lf £ 7^ ( n + l)-2 (]+/->, (/) 1,- ,-• 



[7r(n+l)/a] i , , ,,2 

< V y ( n + 1 ) 

2^ ^( 1+! 2H 1+ -2) 

i=0 .3=0 V ' V J ' 

[7r(n+l)/a] j . 2 



£±1 „i±i 

i+l f n+1 

(u)| / (u — t)\dt 



1+1 



i+i 



i=0 j'=0 



(l + i 2 )(l+i 2 ) 



i + 1 «+l 3 

n+1 r n + 1 n + 1 

\tp x (u)\ du / \ip x (v)\ dv 

I i 3+1 

+T n+T — tT+T 
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« E E ( ' 



i=0 j'=0 



(1 + z 2 ) (1+j 2 ) 



1+1 
1+1 



|^ (u)| cin 



i+I j_ 

n+l n+1 



i j+1 

+ 1 n + 1 



\ip x (v)\ dv 



[tt(«+1)/q] / 2±1 



« E T 



t=0 
[jr(n+l)/a] j 

E E 

i=0 j 



/ i+l i 

1 / n + 1 f -+ 1 "+ 1 



i+l 

+ 1 71+1 



ip x (v)\dv 



[7r(r»+l)/o] / i+i. N 

^ I : . . / |<Ar C")| dn 



E T 

j=0 \ 
[7r(ri+l)/a] 

+ E 



[7r(n+l)/a] 



S (i + J)' 



E T 



i + l j 

n + 1 f "+ 1 "+ 1 



l /_» j+i 

.1+1 n+1 



^ (v)\ dv 



[ir(n+l)/a] / i+l 

n + 1 / 



« E [ 'iri 1 7 ^ x(u)ldu ) + E rr^rj^wi^ 

i=0 \ J ^+T / u=0 \ J — J 



[ir(n+l)/a] / i±l 

n+1 / "+ 1 



5 T 



i=0 



+ i 



\cp x (u)\ du 



G x f 



n + 1 



n + 1 



For the second term, using the Lenski method [6], we obtain 

1/2 



|i E 



< 



< 



1 2n oo f (fi+l)Tr/a 

— E E 

— E E 

n + 1 , , 



[Vx (*)-**/(**,*)] ^k+ K (t)dt 

^ 1/2 



1/2 



1/2 



1/2 
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and 



|/ 2 i(fc)i < — E / 

OO 

E 



fj,ir/a 
4 oo A /a 



\<Px {t)~<5> x f{S k ,t)\t- 2 dt 



a7r M =i ^aW" 



4i 2 Jo 



5 fc 



^ (t) -ip x (t + u)\ du 



dt 



4 1 [ 5k s^[ [ 



i-(ft+l)7r/a 



^2 y \tp x (s) - lf x (s + u)\ ds 



+ 2 -3/ ^ (s) - ^ (s + u)|ds 

Jaw/a l l JO 



t=(M+iW« 

t—ii-n I a 

dt > <iit 



1 /■** 00 



^ -A) I [(/ i + 1 ) 7r A 



(ju+l)7r/a 



-7 7-^2/ \ip x (s)-ip x (s + u)\ds>du 

\jm/a\ 2 J J 







1 »/ fin/ a 


t 3 L 



dt } du. 



Since / e fi a j ;2 (%), for any x 

1 f c 111 

lim — / \ip x (s) - f x (s + u)\ds < lim -w x (u) < lim -w x (S k ) < lim -w x (n) = 0, 



and therefore 



1 f 5k a a r ,a 
hi(k)\ < — - - |Vx (s) - fx (s + u)\ds 

Ok Jo 7T 7T J 



du 



5 k 



00 [ r(n+l)ir/ot ^ 

(u) du E W T^t 



Wx 



< 47 w x ( u ) rfu + w x (4)E ^2 

< (<5 fc ) . 



Q 
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Next, we will estimate the term I-Z22 (^) I • So, 

/»(*) = -E / 



— •'" 1W " *»/(5fc,t) d / cos^i^^ cos at ( fc + K+1 ) 



E 



/ cos^^ 



q(/c+k) 



a(k+K+l) 
2 



COS 



at(fc+K+l) 



t 2 



a{k+n) 



a(k+K+l) 
2 



{=((U+l)7T/a 



2 d f^f{S k ,t) 



dt V t 2 

= Im (k) + I221 (k) 
Since / G £l a ,i,2 (%), for any x (using 0) 



COS — L 2 L COS 



t—fnr/a 

at(fc+K+l) 



t(fc+«) 



*(fc+K+l) 
2 



lim 

C— >oo 



<f*/(4,fC) 



# (fc + K + 1) 



[|C]' 



2 



q(fc+K + l) 
2 



< lim — < km — < w x (tt) km — 5— 



and therefore 



/221 (AO 



E 



*«/ (**, 5 0* + !)) / cos [f + !)(* + «)] 



[50* + i)]' 



ck(/e+k) 
2 



cos [f + I) (k + k + 

q(fc+K+l) J 
$*/ (<5fe, ^L*) / cos [f n{k + «)] cos (fc + K + 1)] 



[5m]' 



Qi(fc+K) 
2 



q(fc+K+l) 
2 



2 $ x f(6 k ,Tr/a) ( cos [f + «)] cos [§/z (fc + k + 1)] 



air [7r/a] y 

4 / cos 

= »®xf(h,ir/at) 



a(k+n) 
2 



a(fc+K+l) 
2 



[§/i (fe + K + 1)] COS [f j[i(A! + «)] 



fc + K+ 1 



fc + K 



Using (O, we get 



I/221 {k)\ < -^1^/(4, 7r/a)| < ^q-jrK (4) + ^x (tt/o)) 



Similarly 



J222 (A;) 



E 

i"=i 



(p+iWa ( *<s, x f [6 k ,t) 2® x f(5 k ,t) 



COS 



COS 



dt 

t 2 

at(fc+K+l) 



f 3 



2 



a(fc+K.+ l) 
2 



(ft 
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and 



1^222 (k)\ < 



a 2 (k + 1) 7T ^-f 

x ' /i— 1 



(Ai+lWa (t + 4)-^ (t)| 



S k t 2 



dt 



+ 2 



(M+iW« |$ x /(<^)| 



fiir/a 



dt 



< 



a 2 (k + 1) w8 k ^ J^ /a 
16 



g ly, {t + 8 k )- Vx (t)\ dt 



+ 



a 2 (k + l)n ^J^/ 



j { ^ +1)7T/a vjx (S k ) + w x (t) dt 



1 1 °° 

<<: (fcTT)4 Wa:(,5fe) + fcTT^ 



(fc + l)4 

< Wa; (4) + 

< Wa; (4) + 



w x (4) + »i 



a 



ir 2 fi 3 



1 



fe + 1 
1 

fc + 1 



W, 



OO oo 



< % (4) + fw x (4) + w x ( ^ ) ) . 



Summing up 

\h (k)\ < Wx (4) + k ^ 1 (4) + W7x + w x ^^"^ 



whence 



2n 



1/2 



k—n 



„^E("-(fc^) + jfcTT w -(D) } 



2n 

— F 
+ i ^ 



/ 7T 



n+l V ^ V fc + ! 



1/2 



n+l 



and thus the desired result follows. □ 

3.2 Proof of Theorem 5 

For some c > 1 

{2 [c '-l oo 
X] a «,fc S^f (x) - f (x) + a «,fe Sagf(x)-f(x) 
k=0 ' fc=2[c] 
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2^-1 



k=0 



X] E a n,k S«kf (x) - f {x) 
m—[c] k—2 rn 



h (x) + h (x) . 



Using Proposition 4 and denoting the left hand side of the inequality from its 
by F n ,i.e. F n = w x [y^ij + E an/2 (f) sl , we get 

r 2 M_ x k/2 + 1 k ^ 1 ' 

^iO) < < an - k k/2 + 1 E -/W 

I fe=0 ' i=fc/2 



2 1CJ -1 



1/'/ 



^ 2lc] E a ^uKTl £ |^/ (*)-/(*) 



'fe/2-. 

fc=0 ' l=k/2 



2 M- 



1/'/ 



« { ]T a ^ F k/2 



fc=0 J 

By partial summation, our Proposition 4 gives 



w = E 



^ (a„,fe - On,fc+l) E \ S ^-f ( x ) ~ f ( a 



k=2" 



1=2" 



E !<%/(*) -/(a 



« E 



2™ ^ Kfc-an,fc+l|^2; 



a2 m /2 



fe=2 



a2 m /2j 
2 m+l_ 2 



E 2 "xv /2 

m— [c] 



^ |on,ft — a n ,k+\\ + a n ,2 m + 1 -i 



fc=2" 



Since © holds, we have 

< |fln,r — On.s+ll < /J |»n,fc _ 0>n,k+l\ 

[c2" 



2 m+1 -2 



fe=2" 



« E 

fe=[2'»/c] 



"IT 



(2<2 m <r<s<2 



m+l 



2) 
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whence 

[c2" 



a n , s +i « a„,r + ^ ( 2 < 2 " 1 < r < 3 < 2m+1 - 2 ) 



and 



fe=[2-/c] 



2 m «n,2'"+ 1 -l = 2 m — 1 E a ™. 2m+1 - 1 
2 m+1 -2 / [c2 m ] 

« E a «^+ e ^ 

r=2™ y fc=[2 m /c] 
2" l+1 -l [c2 m ] 

« 2 «- + 2m E ^- 

r=2™ fc=[2"*/c] 



Thus 

[c2" 



fe=[2 m /c] fe=2 

Finally, by elementary calculations we get 



oo ( 2"*+[ c l 2 m+1 

« E 2 " l ^V/ 2 E ^+^v /2 E^ 

m=[c] [ fe=2 m -[ c l fc=2 m 

« E F «V/2 E a «>* 

m=[c] fc=2 m -[ c l 

oo 2 m -l oo 2 m + l<=l 

= E F a2-/2 E + E F l2^/2 E a «^ fe 

m=[c] fe=2 m -[ c ] m=[c] fe=2™ 



oo 2 m -l oo 2' 



>+[<=] 



« E E a «^^ fe /2 + E E a n,kF\_ 



m=[c]fc=2"'-W m=[c] fc=2™ 



oo 2 m -l oo 2 m+[cl -l oo 

+ [c 



E E a «^/2 + E E a "^ F ^ + E ^%H a n,2 
m=[c] fe=2™-[ c ] m=[c] k=2 m 2 m=[c] 



oo [c] 2 m ~ r + 1 -l oo [c]-l2 m +- +1 -l 



E E E ««^l/2 + E E E 

m=[c] r=l k=2™- r m=[c] r=0 fe=2 m + r 



14 



[cl-1 



< Yl Y a ^Kk/2 + Y E a "' feF ^TR + ^ a «,fe F !^ 



f=l fe=2[ c l-'' 



« Y a ^ kF - 



r=0 k=2l<=] + 



fc=0 



2 1 +M 



Thus wc obtain the desired result. □ 



3.3 Proof of Theorem 6 

If ( a n,fe)^L € MS 1 then (a n ,k)^ =0 € GM ( 2 /3) and using Theorem 5 we obtain 
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,fe=0 



U=0 

This ends our proof. □ 
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